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Abstract—We present a novel framework for deriving
the three-dimensional (3-D) differential surface admittance
(DSA) operator. The approach is based on a new unified
transform method for the 3-D vector Helmholtz equation.
This formulation enables a broader applicability than
existing DSA derivation techniques, without compromising
its accuracy. The effectiveness of the proposed method is
verified through a representative scattering problem, and its
practical utility is further demonstrated by evaluating the
impedance response of an on-chip stacked spiral inductor.
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operator, single-source boundary integral equation (BIE),
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I. INTRODUCTION

HE demand for higher processing speeds and
greater integration density continues to grow across
the electronics industry. These trends aggravate signal
integrity (SI) issues which can be detrimental for the
performance of modern electronic systems. In particular,
passive components exhibit markedly different behavior
at high frequencies, for example due to self-resonances or
(unintended) coupling between adjacent circuit sections.
Accurate full-wave modeling of all components during
the early design stages is therefore essential. However,
attaining accurate full-wave results efficiently is often
non-trivial. While volumetric methods typically result in
an impractically large number of unknowns, boundary-
based methods face challenges associated with the pre-
cise numerical integration of the Green’s function in
conductive media [1]. The differential surface admittance
(DSA) operator has previously been proposed as a solu-
tion to this limitation [2] and successfully applied to the
modeling of 3-D on-chip passives [3]. It enables replac-
ing the object’s material with the background medium
by introducing a fictitious surface current density on its
surface, thereby eliminating dependence on the Green’s
function within the object’s interior region.
In this work, we introduce a new method for con-
structing the 3-D DSA operator, by formulating a novel
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vectorial unified transform [4]. In contrast to state-
of-the-art DSA-based techniques, the proposed method
eliminates the need for the object’s eigenmodes [5] or
material-specific Green’s functions [6] in the operator’s
derivation. Consequently, the resulting formulation offers
a broader scope of applicability while retaining all favor-
able properties of the DSA framework.

II. FORMULATION OF THE METHOD

Consider time-harmonic electromagnetic  fields
(€inc, hinc), with an e/“! dependence, incident on a
cuboid composed of an isotropic, non-magnetic and
homogeneous material with complex wavenumber k;.
The cuboidal domain is denoted by V, with surface S,
outward-pointing normal vector u,, and embedded in a
surrounding medium characterized by its wavenumber
k. € C, as illustrated in Fig. la. The excitation results
in scattered fields in the exterior region (ey,hy.) and
interior fields within the cuboid (e;,h;). By invoking
the single-source equivalence theorem, the object’s
material is replaced by the background medium through
the introduction of a fictitious surface current density js
on the boundary S while preserving the field distribution
on the outside. The surface current density is given by:

js = (hi — b)) = (P = Poey = Vep, (1)

where e, denotes the total tangential electric field on S
and ) is the corresponding DSA operator. The latter can
be interpreted as the difference between the Dirichlet-
to-Neumann (DtN) operators P and Py, which map the
tangential electric field on S to the rotated tangential
magnetic field for the original and equivalent situations
shown in Fig. 1, respectively.

In order to solve the boundary value problems needed
to obtain the DtN operators, we propose a new vectorial
unified transform for the vector Helmholtz equation. We
refer the interested reader to [7] for a detailed explanation
on the scalar 3-D unified transform. Fundamentally,
the unified transform relies on a global relation, which
connects the known and unknown boundary values. In
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Fig. 1: Geometry of the problem: (a) Homogeneous
cuboid V with boundary surface S placed inside a back-
ground medium. In (b), a surface current j, is introduced
on S and the inner material is replaced by the background
medium.

our proposed method, this role is fulfilled by the elec-
tromagnetic reciprocity theorem:

// (e: Ty — e, - h)dS = 0, @)
S

where we introduced the scaled and rotated tangential
magnetic field h; = Z.(u, X h;) and similarly for hy.
The characteristic impedance Z. of the medium filling
the cuboid is defined as Z,. =

as yet — arbitrary test fields, constrained solely by the
requirement that they satisfy the sourceless Maxwell’s
equations within V.
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In the following, we only consider the bottom face of
the cuboid as the so-called observer face S, oriented in
the xy-plane with dimensions {l;, [, }, but the derivation
is readily extended to the other faces of the cuboid. Leg-
endre polynomial-based basis functions are employed to
exploit their orthogonality on S,:

_ x Yy
fnm(xyy) - Pn <W) Pm, (ly/Q) ) (3)

where P, (x) is the Legendre polynomial of order n
and argument z. On S, the tangential field components
of the unknown solution (e‘i’,flf) are expanded using
these Legendre basis functions with e;7 the expansion
coefficient for the z-oriented tangential electric field on
face o related to the basis function fy,,,,(z,y) and a simi-
lar definition holds for h%" Inserting these expansions
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into the Lh.s. of (2) yields:
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The unified transform exploits the fact that, when a
sufficiently rich set of test solutions (e, flt) is employed,
the resulting overdetermined system yields an accurate
approximation of the DtN operator. For these test solu-
tions, we use 2 x 6 sets of plane waves, i.e., a pair of sets
originates from each face of the cuboid. For example,
the relevant field expressions for the test plane waves
originating from the source face S, oriented in the yz-
plane with a negative outward-pointing normal vector,
i.e., the leftmost face of the cuboid, are provided below:

set I: e} =pie?? hl = (uxpi)e??, (5
set 2: el = pye 79, 1:1? =(ux P2)67j¢, (6)
with
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where (s, ys, 25) are the coordinates of the centroid
of the source plane S;. The two sets of test fields are
defined as plane waves propagating along u. In the yz-
plane, the real wavenumbers £, and k. enable a Fourier-
type sampling, while the parameters 5 and - regulate
the sampling density. The square root for k, should be
picked such that (k,) > 0 and S(k,) < 0. The specific
choices for k;, k,, and k. ensure that the resulting
electric fields have unit amplitude on S,, with amplitudes
that remain constant or decay as the waves propagate
in the positive z-direction. This prevents exponential
growth of the test waves inside the cuboid, which is
essential for numerical stability. The two sets of test
waves, (5) and (6), are orthogonal, enabling explicit
incorporation of polarization within the unified transform
formalism. The expressions for the test solutions (5)-(12)



also extend naturally to other faces of the domain with
different orientations.

Evaluating (5) on S,, inserting the result into the
global relation (4) and computing all scalar and vector
products as well, results in:
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In (14), j,(x) represents the spherical Bessel function
of order n and argument x. Following a similar procedure
for the second set of test plane waves (6) yields:
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Although not explicitly shown, (13) and (15) each
correspond to (2Mnax+1)(2Pnax+1) equations, resulting
from the sampling of the test waves. A similar procedure
is performed for all pairs of faces of the cuboid. Collect-
ing the Legendre expansion coefficients for the tangential
electric field on all the faces, e.g., eJ;7 and e, in

the column vector € and the Legendre coefficients for

the scaled, rotated tangential magnetic field, e.g., ﬁ%jfl
and h2:¥, in the column vector h, allows to write these

6 X 2 X (2Myax + 1)(2Pas + 1) equations as a single
analytically constructed matrix equation:

hgz%) A3 .. (15)

D-s—N-h=0. (16)

To obtain a square system, we premultiply (16) by the
conjugate transpose of N, resulting in:
~ 1 , == == -
h= 7(NHN)’1NHD-é:P-é, (17)
where P denotes the desired discretized DIN operator
for the cuboid V. Using the aforementioned method, we
determine the two DtN operators P and Py constituting
the discretized DSA operator ):

Jo=(P-Py-e27 s

By following a procedure closely related to the one
outlined in [5], we project (18) onto rooftop functions,
allowing seamless integration with traditional boundary
integral equation (BIE) formulations such as the aug-
mented electric field integral equation [8]. The result is

(18)
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Fig. 2: Bistatic RCS in the zy-plane of a cuboid with
e = 3.9 and varying electrical conductivity o. The plane
wave is propagating in the positive y-direction with a z-
polarized electric field at a frequency of 2 GHz.

a linear system that provides full, broadband characteri-
zation of the electromagnetic problem.

III. NUMERICAL EXAMPLES

To wvalidate the accuracy of our proposed ap-
proach, we first consider a cuboid with dimensions
20 cm x 12 cm x 6 cm that consists of a material with
fixed relative dielectric constant €, = 3.9 and varying
conductivity o. The surface of the cuboid is discretized
using 1404 rooftop functions, while the DSA operator is
constructed by employing 450 Legendre basis functions
and 1922 test waves per face with a sampling density
of 0.8. A plane wave traveling in the positive y-direction
with a z-polarized electric field at a frequency of 2 GHz
is incident on the cuboid. The resulting bistatic radar
cross-section in the xy-plane as a function of the azimuth
angle ¢ is provided in Fig. 2 for three distinct values of o.
We compare our new method with the results obtained
from CST Microwave Studio’s (CST MWS) frequency-
domain solver [9], a commercial finite-element based
solver. An excellent agreement is observed between both
solutions for all values of o, highlighting the accuracy
of our proposed formalism for a wide range of material
parameters. Moreover, on average across all three values
of o, our proposed method is a factor 5.6 faster com-
pared to CST MWS while using 4.3 times less memory,
underscoring its efficiency in addition to its accuracy.

For the second example, we focus on the stacked
spiral on-chip inductor structure, depicted in Fig. 3.
The three inductor windings are made of copper
(0 = 5.8 x 107 S/m) and are embedded in an SiO5 back-
ground medium (¢, = 3.9, tan d = 0.001). The windings
have a width of 5 pm and a height of 2 ym. The vias
connecting the different windings have a cross-section
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Fig. 3: On-chip stacked inductor structure consisting of
copper windings (¢ = 5.8 x 107) and embedded in a
SiO5 background (e, = 3.9,tand = 0.001).

of 2.5 ym x 2.5 ym and a height of 4 ym. The other
relevant dimensions are indicated on Fig. 3 and are
expressed in pm.

As for the validation example, the results shown
in Fig. 4 and obtained with the proposed method are
compared against CST MWS. In the inductive opera-
tion region, i.e., from 0.5 GHz to 50 GHz, the pro-
posed method exhibits excellent agreement with the CST
MWS reference solution, yielding a simulated inductance
L = 0.487 nH. As the frequency increases into the (first)
self-resonant region, between 50 GHz and 150 GHz,
where the inductor’s inductance and parasitic capaci-
tance interact, the correspondence between both solutions
remains strong. At lower frequencies, from 0.01 GHz
to 0.5 GHz, the results diverge: the proposed method
correctly predicts the impedance approaching the DC re-
sistance R = 0.91 (), whereas CST MWS fails to capture
this behavior accurately. The DC resistance was obtained
from a static volumetric solver. This limitation under-
scores the appositeness of our presented approach, which
provides reliable impedance characterization across the
entire frequency range, unlike the commercial tool.

IV. CONCLUSIONS

This contribution introduced a novel framework for
deriving the 3-D differential surface admittance operator.
The approach is based on the construction of a new vec-
torial unified transform to solve the 3-D vector Helmholtz
equation. Therefore, it employs the electromagnetic reci-
procity theorem as the global relation in conjunction
with plane-wave testing and Legendre polynomial basis
functions. The validity of the approach was confirmed
through comparison with a commercial solver, and its
practical relevance was demonstrated via the analysis of
an on-chip stacked spiral inductor. The proposed method
accurately captured the inductor’s impedance response
across the full frequency range, whereas the commercial
tool failed to cover the entire frequency band.

Proposed method
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Fig. 4: Magnitude (top) and phase (bottom) of the
impedance response from the on-chip inductor presented
in Fig. 3.
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